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Abstract

The focus of this paper is to introduce thewnspaces namelya- door spacesg-
irreducibleg-Hyperconnectednesshich are used to define Regular difilters dir topological
texture spaces. Here we analyze the properties of thesiensoand obtain some of their
characterizations.
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1 Introduction

L.M.Brown[2] initiated the notion of Texturegs a point-set for the study of fuzzy sets
in 1998. Onthe other hand, textures offerscanveniem setting for the investigation of
complement-free concepts general. So much of the recérwork has been proceeded inde-
pendently of the fuzzgettingThe concepts of hyperconnectedness, irredualole; space
in topological space were introducethy many mathematicians. This idea is further
developed recently by Brown et al to ditopologisaltings.

In this paper wereseh some classes of new spaces namely dhedoor spaceso-
irreducible,a-hyperconnectedness dichotomous topologies or ditopology fsinort.

In Ditopological Texture Spaces: Let S be a sdexéuring T[2] of S is a subset B{(S.
If (1) (T,€) is a complete lattice containing S agd and the meet and join operations in
(T,S) are related with the intersection and union raiens in(P(S)S)by theequalities
AiciAi = NiciAi, Ai €T,i €1, for all index sets |, while
VielAi = Ui A, A; €T,i €1, for all index setd.
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(2) T is completelydistributive.

(3) T separates the points of S. That is,gise # s, in S we have Ae T with 5§ €
As DA orAET with s €A, s DA.

If S is textured by T we call (S,T) a textureasp or simply dexture.

For a texture (S; T), most properties are comrély defined in terms of the p-setg B
N{A € T/s € A} and the g-sets, Q= V{A € T/s 0 A} The following are soméasic
examples ofextures.

Examplel.l Some examples of textureasps,

(1) If Xis a set and P(X) the powerset of X, thef)y P(X)) is the discrete texture of
For x€ X, P ={x} and Q = X ¥{x}.

(2) Setting 1=[0; 1], T= {[0;r);[0;r]/r € 1} gives the unit interval texture (I; T)or
rel,P. =[0;r] andQ; =[0;r).

(3) T=fo,{a,b}, {b},{b,c}, S}is a simple textureing of S {a,b,c} clearly P, = {a,b}, P, ={b}
and R ={b,c}.

Since a texturing T need not be closed under dperation of taking the set complement,
the notion of topology is replaced by that of @i@mous topology or ditopology, namely a
pair (r, ) of subsets of, where the set of open setsatisfies

1.SpeET,

2.G1;G, Etthen G NG, €t and

3.G €1 , i€ 1 then ViGi €1,

and the set of closed satssatisfies

1. S;pex

2. Ki; Ky €xthen K UK, €k and

3. Kj €k, i €lthen NK; € x. Hence a ditopology is essentially a 'topologyt ¥ehich there

is no a priori relation between the open and dasss.

For A€ T we define the closure [A] or cl(A) and theteinor ]A[ or int(A) under £, )
by the equalities [AFN{K € k/A C K} and JA[= V(G e 1/G CA}:

Definition 1.2 For a ditopological texture space (S;t]k):

A € T is calleda-open (b-open) if AS intclintA ( A € clint(A) U intcl(A)). B € T is
called a-closal (resp. b-closed) if clintclB= B (intclB U clintB S B)

We denote byO(S; T;t, ) (bO(S;T; 1, «)), more simply byaO(S) (bO(S)) , the set of
opensets(b-opensets) in S. LikewiseyC(S; T;t,x ) (bC(S; T;1,x)), aC(S) (bC(S)) will
denote the set af-closed(b-closed setskets.
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Definition 1.3 [15] A ditopological space (S, T, k) is called door if each AT either open
A€ 1 or A€ k.

Definition 1.4 [15] A ditopological space (S 1, k) is alled

1. irreducible if G N G, # ¢ for every G, G, € t/{¢}
2. co-irreducible if H UH, #S for every H,H, € «/{S},

3. bi-irreducible if it is irreducible andoeirreducible

Definition 1.5 [1] A difilter on a texture (S,T) B x G, whereF and G are honempty and
subsets ofl satisfies

1. 9g#F,FEF,FCF'eT=>F'eFand [, Khb EF=>F NF, €F
2.S#G,GEF,G2G e€T=>G€Gand G,G, €G=G, UG, €G

Definition 1.6 [1] A difilter F X G is said to be regular F N G = ¢ or equivalently, A
€ B for every A€ F and for every B G.

2 - door spaces

Definition 2.1 A topology and co-topology are formed usingpen sets and-closed sets
in Texture spce using €, k), such thatt C T, and thea-open setsatisfy

1. Sp € ta ,

2. 1f G1;G, €ta then G NG, € Ta and

3. If G €ta , i€ | then ViGi €ta ,

and the set ofi-closed sets ixo satisfyk C ko and

1. S,9 € xa

2. If Ki; Ko €xo then K UKs € xa and

3. If Kj €xa,i €| then NK; € xka. This new topology for which there is no priaelation
between ther-open andu-closedsets.

For A € T we define the operatorscl(A) and aint(A) under (ta, ka) asacl(A) =N{K €
ka/A € K} and aint(A) = V{G € ta/G € A}

Definition 2.2 A ditopological space (S, T,«) is calleda-door if for each & T either
A€ ta or A€ ka.
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Remark2.3 Every door space isdoor space. But the converse need not be trwayalis
shown bythe following example.

Example2.4 LetS={a,b,c},T={g {a}, {a,b}, {b,c},{a,c}, X}t =1{g X, {a}, {a,b}} and
x ={g, X, {b,c}} thenta = {g {a}, {a,b}, {a,c}, X} and ka={g, {b,c}, X} which is not a
door space but it is-door spce.

Definition 2.5 A ditopological space (S, T, k) is called

1. a-irreducible if G N G, # @ for every G, G, € to/{a}
2. cowirreducible if H UH, #S for every H, H, € xa/{S},

3. biwirreducible if it isa-irreducible and cexirreducible

Example2.6 LetS={a,b,c}, T={g {a}, {a,b}, {b,c},{a,c}, X}t ={g X, {a}, {a,b}} and
k = {g, X, {b,c}} then ta = {g {a},{a,b},{a,c}, X} and xa={g, {b,c}, X} This is an
example ofbi-a-irreducible.

Lemma2.7 Let x€ S then{x} € ta if and only if{x} € 1.
Proof. Straightforwad.

Definition 2.8 A ditopological space S is saiddesubmaximal if every dense(i.e)acl(A)
= S subset of S ia open.

Theorem2.9 Everyo-door space S ia-submaximal.

Proof. AC S bea dense. If Ais not ica then as S is-door space A is irka.
Since A isa closedacl(A) = A =S which is acontradiction.ThudA is in ta. (i.e) Alisa
submaximal.

Corollary2.10 Every door space S dssubmaximal.

Remark2.11 Let (S, T,0,1,x) be a complemented ditopological space. Then sifacas
a irreducible if and only if it is cer irreducible.

Proof. Since the mapping is idempotent,c(g) = S ando(H; UH,) = o(Hy) N o(H>5)
for all H, H, € S, the proof ixlear.

Note2.12 1. The ditopological space tX,is a irreducible if and only if the correspond-
ing complemented ditopological texture space (XX)P(nX, t, 1) is bia-irreducible.

2. The standard ditopological texture spaceT{l;t;, ;) is not bia-irreducible. (i.e) Itis
a-irreducible but not ce- irreducible.
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Definition 2.13 A ditopological texture space (S,1Tk) is calleda-hyperconnected if G
H for every G€ aO(S)/{a} and He aC(S)/{S}, (i.e) G€ ta and HE «a .

Example2.14 Consider the texture (L,T) where L=(0,Xjdar = {(O,r]¥r € 1} . Letz
={g,L} andx = T. Clearly, this ditopological space ishyperconneted.

Remark2.15 For a complemented ditopological space (S, T, ), havingo(t) = « and
o(int (A)) = cl(c(A)), we obtain the following impl&tions:

1. Ae T isa dense if and only i&(A) is coa dense((i.e)a int(A) = @).

2. for every Ge ta/{a} is adense if and only if for every l& xa/{S} is coudense.

Proposition2.16 Let (S, Tz, «) be a ditopological sxe.

1. The space ia-hyperconnected if and only if every &ta/{e} is adense.

2. The space is-hyperconnected if and only if every Hka/{S} is coudense.

Proof. The proof arestrmightforwad.

Theorem2.17 Let (S, Tz, ) is bia-irreducible andx hyperconnected if and only i X G
is a regular difilter on (S, T), whefe = to/ {g} and G = xa / {S}.

Proof. Assume the space to beokrreducible anda hyperconnected and to prote X G
is aregular difilter. Let R,F, € ta/{g}. Since (S, Tr, k) airreducible, g# F; N F, and so
F.NF, eta/{a}. NowletR €to/fgland R € F, forsomekr €T and i € ta/{g}.Thus
we provedF to be a filter, similarly we can prov@ to be a cofilter, using carirreducible.
Since it isahyperconnectedness, from its definitionist clear that nonO(S)¥{a} in ta is
contained inka¥{S}. ThusF x G is a regulardifilter.

Let F x G be a regular difilter on (S, T). Then by usirg tregularity property in the
hypothesis, we get (S, T,,x) is ahyperconnected. Let;FF, € aO(S)/{g}. Since aO(S)
/{a} is a fiter, R N F, # @, because if F N F, = @ then @ &€F which is a
contradiction.(i.e.)(S, T, 1, x) is airreducible. Similarly we get the (S, tT,x) is coua
irreducible.

Definition 2.18 A regular difilterF X G on (S,T) is maximal ifand only F UG =T
under setinclusion.

Theorem2.19 Let (S, Tz, ) be a ditopological space such tHatx G is a maximal reg-
ular difilter, where F = ta/g which is closed under intersection afd= ka/S. Then
(S,T,t0, ko) is maximala-hyperconnected and hidrreducible ditopological gxTe.

Proof. From regularity and theorem 2.17 (8,d,«a) is biwirreducible a- hypercon-
nectedditopological space. Suppose that it is not maximal. Then thgigts abi-airreducible

a hyperconnectegpace (S, Ts1, ;) such thatta(S, T,t,x) € 1, andka (S, T,1, k) 2 K.
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But thenta € 1100 and ko 2 k0 Which leads to aontradictionto the fact that the difilter
given in hypothesis is maximalsine t,00 /{a} is a filter and x;0 /{S} is a cofilter.
Therefore (S, g, xa) is biwirreducible a- hyperconneted ditopological space immaximal.

Theorenm2.20 Let (S, Tz, x¥) be a ditopological space arfdl = t/{g} and G = «/{S}.
Then (S,Ts, ) is biirreducible hyperconnected door space if and ohly ix G is maximal
regular difilter on(S,T).

Proof. Suppose that (SiT.k) is biwirreducible hyperconnected door space. We show
that F is filter on(S,T).If G, G, € F then g# G, NG, € F. Let GE F and GE U
for some Ue T. If U=S thenUE€E F; otherwise & x, since (S, &, ) is a door space, then
GE U, acontradictionby hyperconnectedness. $ois filter. Likewise, it is obtained thah
is a cofilter on(S,T). Clarly, F X G is a regular difilter, by hyperconnectednegsirthermore,
since (S,Tt, x) is a door space, we havés F U G and soT=F U G,(i.e) F X G maximal
regular difilter.

conversely, Suppose th& x G maximal regular difilter on(S,T). SinceF = T/Gthen
the space isa door ditopological space,by regularity the space &ady hyperconnected, also
it is bi-irreducible sinceF X G is a difilter.
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